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Abstract 

The development of a dual-frequency multi-constellation satellite-based augmentation system (DFMC SBAS) is in 
progress worldwide. The broadcasted dual-frequency range error (DFRE) integrity parameter reflects the effects of 
satellite ephemeris and clock corrections. A user uses the DFRE to calculate the protection level and then determines 
whether the DFMC SBAS service satisfies the requirements of the current flight phase. However, the calculation of the 
DFRE has not been reported. Herein, a DFRE estimation method is proposed based on the projection method. Using 
the ephemeris–clock covariance matrix of each satellite, the maximal projection direction was solved, and the projec-
tion of the covariance matrix on this direction was used as the DFRE to form an envelope for the maximal corrected 
error. Results show that the DFRE can form an envelope of the maximal corrected error with a set probability, and the 
integrity performance in the user segment satisfies the Category I precision approach requirement.

Keywords:  Satellite-based augmentation system, Dual-frequency multi-constellation, Dual-frequency range error, 
Integrity

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original author(s) and 
the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other third party material 
in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material 
is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory regulation or exceeds the 
permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://creat​iveco​
mmons​.org/licen​ses/by/4.0/.

Introduction
The existing global navigation satellite systems (GNSSs) 
can no longer satisfy the accuracy and integrity require-
ments of high life-safety users, such as those in aviation. 
The satellite-based augmentation system (SBAS) can 
improve the positioning accuracy and monitor the integ-
rity of the GNSS. When an abnormality occurs in the 
GNSS, the user is alerted in a timely fashion by the SBAS.

Currently, the SBASs in service are the USA’s Wide 
Area Augmentation System (WAAS), EU’s European 
Geostationary Navigation Overlay System (EGNOS), Jap-
anese MTSAT Satellite-based Augmentation System, and 
Indian GPS-aided GEO augmented navigation system; all 
these SBASs are single-frequency (SF) SBASs (Shao et al. 
2017). Owing to the effect of ionospheric anomalies, the 
service performance of the SF SBAS has not satisfied the 
requirements of Category I precision approach (CAT-I). 
Only WAAS and EGNOS have satisfied the requirements 

of the localizer performance with vertical guidance at 200 
feet decision height (Jason 2016; ESSP 2016).

To reduce the effect of ionospheric anomalies on the 
service performance and enhance the service perfor-
mance using multiple GNSSs, which can improve the 
geometric layout of constellations, the SBAS Interop-
erate Working Group and International Civil Aviation 
Organization DFMC SBAS SARPS Working Group are 
developing DFMC SBAS international standards. China 
has participated in the development of DFMC SBAS 
international standards, and is actively constructing the 
BeiDou Satellite Based Augmentation System (BDSBAS) 
in accordance with international standards and plans to 
provide initial service by 2020. The BDSBAS will broad-
cast SF SBAS messages on GEO B1C signal and DFMC 
SBAS messages on GEO B2a signal (Shen and Lu 2016).

The DFMC SBAS can simultaneously augment up to 
92 satellites (ICAO NSP 2017), including the GPS, GALI-
LEO, GLONASS, and BeiDou Navigation Satellite Sys-
tem (BDS). Using the L5 signal of the SBAS GEO satellite, 
the DFMC SBAS broadcasts the satellite ephemeris and 
clock corrections and integrity parameters, such as the 
dual-frequency range error (DFRE) and the covariance 
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matrix, to improve the positioning accuracy and integrity 
(IWG 2016a, b). Because the user can eliminate the effect 
of the ionosphere in a dual-frequency positioning mode, 
the DFMC SBAS no longer broadcasts the corrections 
and integrity parameters related to the ionosphere (IWG 
2016a, b).

The DFRE is an important integrity parameter of the 
DFMC SBAS, which reflects the effect of ephemeris and 
clock corrections, and is provided to users in the form 
of σDFRE. Users use the σDFRE to calculate the protection 
level (PL) and compare it with the alert limit (AL) of the 
current flight phase to determine whether the DFMC 
SBAS service is available. The DFRE (σDFRE) must envelop 
the maximal corrected error of the corrections with a 
certain probability to ensure that users can envelop the 
positioning error (PE) with the PL calculated using the 
DFRE.

Currently, the DFRE estimation method has not been 
published outside of China, whereas results pertaining to 
the DFRE have not been reported in China. This paper 
proposes a DFRE estimation method based on the pro-
jection method; the calculated DFRE can represent the 
worst case of the corrected error in the service area, and 
the integrity performance in the user segment satisfies 
the CAT-I requirement. Currently, the construction of 
BDSBAS is at the critical moment and the DFRE method 
proposed herein is expected to be applicable to BDSBAS.

DFRE calculation based on projection method
The DFRE calculation based on the projection method 
includes satellite ephemeris–clock correction and DFRE 
calculations. The process flow is shown in Fig.  1. First, 
the ephemeris correction, clock correction, and ephem-
eris–clock covariance matrix were calculated using the 
pseudo-range residual error; subsequently, the maximal 
projection direction was obtained by mathematical deri-
vation based on the covariance matrix, and the projection 
of the covariance matrix on this direction was regarded 
as the DFRE.

Calculation of ephemeris/clock correction
Using the L1 and L5 pseudo-range measurements and 
carrier phase measurements from the monitoring sta-
tions, the data processing station first performs data pre-
processing and subsequently eliminates the ionospheric 
delay, tropospheric delay, satellite ephemeris distance, 
satellite clock bias, and other factors from the smoothed 
pseudo-range. After synchronizing the interstation clock 
bias, the pseudo-range residual error is obtained using 
the following equation:

where �ρ
j
i is the pseudo-range residual error 

of satellite j observed by monitoring station i; 
�Rj =

[

�xj �yj �zj
]T is the ephemeris prediction 

error of satellite j in the X-, Y-, and Z-directions in the 
Earth-centered Earth-fixed (ECEF) coordinate system; 
l
j
i is the unit direction vector from monitoring station i 

to satellite j; �Bj is the clock error of satellite j; vji is the 
residual error whose variance is σ j2

i  (Shao 2012).
Using the least-squares method to solve the equation 

above, the ephemeris correction �R̂j , clock correction 
�B̂j , and covariance matrix Pj

DFRE can be calculated as 
follows:
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Fig. 1  DFRE calculation process based on the projection method
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 , M is the number of monitoring 

stations that observe satellite j simultaneously, Pj
o is the 

3 × 3 ephemeris prediction error covariance matrix, Pj
c is 

the variance of the clock error, and Pj
oc is the 3 × 1 covari-

ance matrix of the ephemeris prediction and clock errors.

DFRE calculation
The residual error obtained using the ephemeris correc-
tion �R̂j and clock correction �B̂j can be expressed as 
follows:

Let the maximal projection direction of the residual 
error in the service area be ujMAX ; therefore, the projec-
tion of the residual error in the service area satisfies

where ujMAX =
[

l
jT
MAX 1

]T
 ; ljTMAX is the unit direction 

vector on the maximal projection direction from satellite 
j; ujuser =

[

l
jT
user 1

]T
 ; ljTuser is the unit direction vector 

from the user in the service area to satellite j; εjT ujuser is 
the corrected error; εjT ujMAX is the maximal corrected 
error.

Because the residual error that follows the zero-mean 
normal distribution (Javier and Didier 2006) cannot 
be calculated in practical applications, the covariance 
matrix Pj

DFRE of the residual error is used to reflect the 
characteristics of the maximal corrected error.

where P(·) is the probability, Q(·) is the cumulative prob-
ability distribution of the normal distribution, and K is 
the fractile.

The DFRE is a comprehensive reflection of the cor-
rected error on the user side and needs to envelop the 
maximal corrected error in the service area; therefore, 
the DFRE can be defined as
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As shown in Eq.  7, the key to calculate the DFRE is to 
obtain the maximum of ujTuserP

j
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j
user , which can be fur-

ther transformed into
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subsequently, Eq. 8 can be transformed into

According to the Cauchy–Schwarz inequality 
∣
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yT y (Gene and Charles 2017), the follow-
ing can be obtained:

Substituting Eq. 10 into Eq. 9 yields

where a =
√

P
jT
oc P

j−1
o P

j
oc .

Owing to a ≥ 0 , 
(
√

l
jT
userP

j
ol
j
user + a

)2

− a2 + P
j
c is an 

increasing function while 
√

l
jT
userP

j
ol
j
user  is in its valid 

domain. Therefore, obtaining the maximum of 
u
jT
userP

j
DFREu

j
user can be regarded as obtaining the maxi-

mum of ljTuserP
j
ol
j
user.

As shown in Eq. 3, Pj
o is a real symmetric matrix; there-

fore, a unit orthogonal array C exists, thereby validating the 
following equation:

where �1 , �2 , and �3 are the eigenvalues of Pj
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�1 ≥ �2 ≥ �3 > 0 ); the column vector of matrix C is the 
eigenvector of Pj
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where θ is the angle between lu and the XOY plane; ϕ is 
the angle between the projection of lu on the XOY plane 
and the x-axis.

The distance from any point 
[√

�1 cos θ cosϕ
√
�2 cos θ sin ϕ

√
�3 sin θ

]T  on the 
ellipsoidal surface x

2

�1
+ y2

�2
+ z2

�3
= 1 to the origin is can 

be expressed as follows:

From Eqs.  14 and 15, f (lu) = d2 is obtained; there-
fore, obtaining the maximum of f (lu) can be regarded 
as obtaining the maximal distance from the point on 
the x

2

�1
+ y2

�2
+ z2

�3
= 1 ellipsoidal to the origin. Because 

�1 ≥ �2 ≥ �3 , the maximal distance from the point on 
the ellipsoidal surface to the origin is 

√
�1 , and the 

maximum direction is lTY =
[

±1 0 0
]

 , i.e., the long-
axis direction; therefore,

Substituting Eq. 16 into Eq. 11 yields

According to Eqs. 7 and 17, the DFRE can be calcu-
lated as follows:

Simulation
As the DFRE and user differential range error (UDRE) 
reflect the corrected effect of the satellite ephemeris and 
clock corrections, they have the same connotation. In a 
quarterly performance analysis report released by the 
WAAS, the performance of the UDRE was verified by 
analyzing whether it could form an envelope for the max-
imal corrected error εjT ujMAX with a probability of 99.9% 
( 3.29σ ) (William 2018; Chen et  al. 2017). The WAAS’s 
verification method of the UDRE was used in this study 
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to verify the performance of the DFRE. Substituting 
K = 3.29 and Eq. 7 into Eq. 6 yields

The DFRE ( σDFRE ) must satisfy the condition above. To 
verify the effectiveness of the DFRE calculation method, 
the BDS and GPS were used as augmented constellations 
for the simulation analysis in the BDSBAS service area 
(east longitude 70°–140°; north latitude 5°–55°). The sim-
ulation conditions are shown in Table 1.

First, the measurements of 24 monitoring stations in 
China (shown as squares in Fig. 2) were simulated to cal-
culate the DFRE of the visible satellites. Subsequently, 
the user measurements were simulated at a 5° interval 
(shown as points in Fig. 2) in the BDSBAS service area, 
the corrected error εjT ujuser of each user was calculated, 
and the maximal corrected error εjT ujMAX was obtained. 
Finally, the envelope probability that was calculated as 
the probability of 3.29σDFRE being greater than the maxi-
mal corrected error was used to verify whether the DFRE 
satisfied Eq. 19.

After the simulation, the envelope probabilities of the 
DFRE for the BDS and GPS are shown in Table 2.

As shown in Table  2, the maximum, minimum, and 
average DFRE envelope probability of the BDS are 
100.0%, 99.90%, and 99.93%, respectively; the maximum, 
minimum, and average DFRE envelope probability of the 
GPS are 100.0%, 99.90%, and 99.95%, respectively. The 
DFREs of the BDS and GPS, which were calculated based 
on the projection method, satisfied the requirement of 
Eq. 19, and the results were consistent with the theoreti-
cal expectations.

To analyze the applicability of the DFRE calculation 
method to different constellations and different satellite 
types, BDS GEO2, IGSO3, MEO18, and GPS PRN15 were 
selected to construct the DFRE and maximal corrected 
error curves, as shown in Figs. 3 and 4, respectively.

Because the ephemeris–clock covariance matrix used to 
obtain the DFRE was calculated based on the unit direc-
tion vectors of the satellite and the monitoring stations, 
the DFRE was affected by the geometrical layout between 
the satellite and the monitoring stations. The geomet-
ric layout between the GEO and the monitoring stations 

(19)P

(∣

∣

∣
εjT u

j
MAX

∣

∣

∣
≤ 3.29σDFRE

)

= 99.9%

Table 1  Simulation conditions

Simulation time 2018-07-11 00:00:00–2018-07-11 23:59:59

Interval 3 s

Service area East longitude 70°–140°; north latitude 5°–55°

Monitoring station 24 monitoring stations in China

BDS 3 GEOs, 3 IGSOs, and 24 MEOs

GPS 31 MEOs
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was unchanged; therefore, the GEO’s DFRE is a straight 
line. The geometrical layout between the IGSO (or MEO) 
and the monitoring stations changed constantly as the 
satellite moved. When the satellite entered the service 
area, the DFRE continued to decline, while the number 
of monitoring stations observing the satellite increased. 
When the satellite was above the service area, the num-
ber of monitoring stations observing the satellite was the 

same, and the DFRE tended to be stable; when the satel-
lite left the service area, the DFRE continued increasing 
as the number of monitoring stations observing the satel-
lite decreased. As shown from the figures, the DFRE can 
form an envelope for the maximal corrected error with a 
probability better than 99.9%, which shows that the DFRE 
calculation method based on the projection method is 
applicable to different constellations and satellite types.

As the DFRE is an integrity parameter, the integrity 
performance (the probability of integrity risk) in the user 
segment should be analyzed. Typically, the PE, PL, and 
AL are used to verify the integrity performance. The rela-
tionship between PE, PL, and AL is shown in Table 3.

To verify the integrity performance, observation data 
from the Crustal Movement Observation Network of 
China (CMONC) were used. The CMONC stations of 
SXTY was selected as the static user, and the horizontal 
PE, vertical PE, horizontal PL, and vertical PL were cal-
culated by the method provided in SC-159 (2013) from 
2018-07-11 00:00:00 to 2018-07-11 23:59:59. For CAT-
I, the horizontal AL is 40 m and the vertical AL is 15 m 
(ICAO 2018). The horizontal and vertical performances 
are shown in Figs. 5 and 6, respectively.

As shown in Figs.  5 and 6, no MIs and HMIs 
appeared; therefore, the probability of integrity risk was 
0, which satisfied the integrity requirement of CAT-I 
(the probability of integrity must be less than 2 × 10−7 
(ICAO 2018)). However, several alarms appeared in 

Fig. 2  Distribution of monitoring stations and traverse points

Table 2  DFRE envelope probability of BDS satellite

BDS Envelope 
probability (%)

BDS Envelope 
probability (%)

GPS Envelope 
probability (%)

GPS Envelope 
probability (%)

GEO1 99.98 MEO10 99.91 PRN1 99.92 PRN17 99.97

GEO2 99.97 MEO11 99.92 PRN2 99.94 PRN18 99.91

GEO3 99.98 MEO12 99.95 PRN3 99.96 PRN19 99.93

IGSO1 99.91 MEO13 99.91 PRN5 99.98 PRN20 99.91

IGSO2 99.95 MEO14 99.90 PRN6 100 PRN21 99.99

IGSO3 99.97 MEO15 99.91 PRN7 99.93 PRN22 99.93

MEO1 99.94 MEO16 99.93 PRN8 99.97 PRN23 99.94

MEO2 99.92 MEO17 99.94 PRN9 99.95 PRN24 99.95

MEO3 99.90 MEO18 99.90 PRN10 99.90 PRN25 99.99

MEO4 99.91 MEO19 99.94 PRN11 99.91 PRN26 99.93

MEO5 99.90 MEO20 99.97 PRN12 100 PRN27 99.94

MEO6 99.92 MEO21 99.92 PRN13 99.92 PRN28 99.98

MEO7 99.93 MEO22 100 PRN14 99.98 PRN29 99.95

MEO8 99.91 MEO23 99.91 PRN15 99.96 PRN30 99.90

MEO9 99.94 MEO24 99.95 PRN16 99.97 PRN31 99.95

PRN32 99.98

BDS average 99.93% GPS average 99.95%
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Fig. 6, which was caused by the degradation parameters 
used in the calculation of the PL. Those degradation 
parameters were set the same as those of the WAAS. 
The WAAS degradation parameters could not be 
applied directly to the BDSBAS. Because the calculation 
method of the degradation parameters has not been 
published, studies regarding the degradation param-
eters of the BDSBAS will be conducted in the future.

Fig. 3  DFRE versus maximal corrected error of BDS GEO2 (left) and BDS IGSO3 (right)

Fig. 4  DFRE versus maximal corrected error of BDS MEO18 (left) and GPS PRN15 (right)

Table 3  Relationship among PE, PL, and AL

Relationship Service state Affect

PE ≤ PL ≤ AL Available None

PL < PE ≤ AL Misleading information (MI) Integrity risk

AL < PL < PE MI Integrity risk

PL < AL < PE Hazardous MI (HMI) Integrity risk
Flight safety is in danger

PE < AL < PL Unavailable Alarm
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Conclusions
The DFRE is an important integrity parameter of the 
DFMC SBAS, and the calculation method of the DFRE 
has not been published. Accordingly, a DFRE calcu-
lation method based on the projection method was 
proposed in this paper. The satellite ephemeris–clock-
correction covariance matrix was used to obtain the 
maximal projection direction, and the projection of the 
covariance matrix on this direction was defined as the 
DFRE, which could form an envelope for the maximal 
corrected error.

Based on the observation data of 24 monitoring sta-
tions in China, the DFRE of the BDS and GPS were 
calculated and compared with the maximal corrected 
error. The DFRE calculated by the projection method 
could form an envelope for the maximal corrected error 
with a set probability, and it is suitable for monitoring 

the integrity of different constellations and different 
satellite types. According to the result obtained using 
CMONC observation data and the DFRE calculated by 
the proposed method, the probability of integrity risk 
in the user segment satisfied the CAT-I requirement. 
The results indicated that the proposed method could 
be applied to calculate the DFRE of BDSBAS.
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