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This paper proposes an Equivariant Filtering (EqF) framework for the inertial-integrated state estimation. As the kin-
ematic system of the inertial-integrated navigation can be naturally modeled on the matrix Lie group SE,(3), the sym-
metry of the Lie group can be exploited to design an equivariant filter which extends the invariant extended Kalman
filtering on the group-affine system and overcomes the inconsitency issue of the traditional extend Kalman filter.

We firstly formulate the inertial-integrated dynamics as the group-affine systems. Then, we prove the left equivariant
properties of the inertial-integrated dynamics. Finally, we design an equivariant filtering framework on the earth-
centered earth-fixed frame and the local geodetic navigation frame. The experiments show the superiority of the
proposed filters when confronting large misalignment angles in Global Navigation Satellite Navigation (GNSS)/Inertial
Navigation System (INS) loosely integrated navigation experiments.
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Introduction

As dynamic systems on Riemannian manifold are com-
mon in the robotics and avionics, the development of
robust and accurate state estimation algorithms for
autonomous navigation system has gained a great interest
in robotics and avionics industries, especially when the
states of the vehicles are evolving on Lie group. There are
various attempts to design Extended Kalman Filter (EKF)
and Unscented Kalman Filter (UKF) for a nonlinear sys-
tem of which state space is in a manifold M. In general,
Riemannian manifolds lack some mathematical tools
such as multiplication (Menegaz et al. 2018). Meanwhile,
the most common dynamics of a system can be modeled
on the matrix Lie group as it provides better intuitive
understanding and simple manipulation by the matrix
representation of the Lie group and Lie algebra. Con-
sequently, the Lie group and Lie algebra theory is com-
monly used in the construction of system dynamics. The
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Lie group symmetries of the system models are exploited
to design observers and filters for attitude (Ng et al. 2019)
and pose estimation (Hua et al. 2015), tracking of hom-
ographies (Hua et al. 2020), velocity aided attitude esti-
mation (Bonnable et al. 2009), and Visual Simultaneous
Localization And Mapping (VSLAM) (Zlotnik 2018;
Mabhony et al. 2020b). It is shown that any kinematic sys-
tem on a Lie group can be embedded in a natural manner
into an equivariant kinematic system and the equivari-
ant properties of the system embedding can be applied to
design an equivariant filter for any kinematic system on a
Lie group.

The SE,(3) based EKF framework proposed recently
exploited the explicit algebraic invariance condition
termed group-affine property that characterizes the
inertial-integrated navigation systems (Luo et al. 2021).
Mahony and Trumpf (2020) have shown that the equiv-
ariant embedding of group-affine systems only requires a
finite dimensional input vector space extension. Further-
more, the research on the equivariant observer design
for any kinematic system on a homogeneous space was
studied in Mahony et al. (2020a). The equivariant filter
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differs from the traditional EKF by deriving the coordi-
nate-free error dynamics and linearizing the error state
transition matrix around a fixed equilibrium which leads
to the state-independent error state transition matrix.
Moreover, the state-independent property overcomes
the inconsistency issue, caused by linearizing the error
dynamics along the system’s trajectory, of the traditional
EKEF. Therefore, it is promising to embed the inertial-inte-
grated navigation system into an equivariant system so
that an equivariant filter can be designed as a kinematic
system on a Lie group. Equivariant system theory has
been used for the full second order kinematic systems
on TSO(3) (Ng et al. 2019) and TSE(3) (Ng et al. 2020),
where the second order means both the first and second
derivatives of position are considered in the kinematic
system.

Motivated by the equivariant observer design for an
equivariant kinematic system, we propose an equivariant
filter framework for the inertial-integrated navigation by
leveraging the Lie group structure of SE,(3), which can
be regarded as equivariant filter design for the second
order kinematic systems on TSEy(3). Firstly, we propose
an equivariant filter framework for the inertial-integrated
navigation system which embeds the attitude, velocity,
and position into the matrix Lie group SE,(3). Secondly,
we consider the left equivariant system and its associated
properties as well as the relationships with the group-
affine systems when confronting the full second order
kinematic systems on TSE3(3). Then, we detail the deri-
vations of the equivariant filter on the navigation frame
and the earth frame. Finally, we show the benefit of the
Kalman filter based on the left invariant error for the
case of large attitude misalignment through a simulation
experiment and two field experiments.

The remainder of this paper is organized as follows.
Preliminaries are presented in “Preliminaries” Section
“Left equivariant systems” introduces theory for the left
equivariant system. Section “Full second order kinematic
systems for inertial-integrated navigation” gives the full
second order kinematic system in both navigation frame
and earth frame. The equivariant filtering for the second
order kinematics systems on TSE3(3) is provided in “Full
second order kinematic systems for inertial-integrated
navigation” section. Then, the equivariant filteri design
for inertial-integrated navigation system is shown in
Equivariant filtering for second order kinematic systems
on TSE;(3) section”. Conclusion and future work are
given in “Equivariant filtering design for the inertial-inte-
grated navigation” section.
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Preliminaries

The kinematics of a vehicle are described by its velocity,
position and attitude, which are expressed on a manifold
space and identified in different frames. The velocity and
position can be represented by vectors and the attitude in
the 3-dimensional space can be represented by a Direc-
tion Cosine Matrix (DCM). These three quantities can be
jointly reformulated as an element of the SE,(3) matrix
Lie group. The SE,(3) matrix Lie group is also called the
group of direct spatial isometries (Barrau 2017) and rep-
resents the space of matrices that apply a rigid body rota-
tion and 2 translations to points in R3. Moreover, the
group SE,(3) has the structure of the semidirect product
of SO(3) group by R x R3 and can be expressed as
SE>(3) = SO(3) x R* x R? (Luo et al. 2020). The rela-

——

tionship between the fie algebra and the associated vec-
tor is described by a linear isomorphism IT: R? — se9(3).
More details about SE,(3) matrix Lie group can be found
in Barrau (2017) and Luo et al. (2020). The uncertainties
on matrix Lie group SE,(3) can be represented by left
multiplication and right multiplication which lead to the
left-invariant error and right-invariant error, respectively.
The invariant property can be verified by the left group
action and right group action.

Meanwhile, expressed in the c frame, the vector v¢,
describes the vector from point a to point b. The direction
cosine matrix Cg represents the rotation from the d frame
to the f frame. The commonly used reference frames in
inertial-integrated navigation systems are Earth-Cen-
tered-Inertial (ECI) frames (i-frame), Earth-Centered-
Earth-Fixed (ECEF) frames (e-frame), north-east-down
navigation frames (n-frame), and forward-transversal-
down body frames (b-frame) (Shin 2005).

The “plumb-bob gravity” (Savage 2000) is given as

g=G— (wie X)*r (1)

where g is the gravity vector; G is the gravitational vector;
r is the position vector from earth center to the vehicle.
This formula can be expressed in ECI frame, ECEF frame,
and navigation frame. The gravity perturbation in ECEF
frame (Groves 2013) can be written as

- N "
8¢t égieb — &y~ _7””@ ||35’fb (2)
n

where u is defined in Groves (2013).
The gravity perturbation in navigation frame can be
written as Shin (2005)

~ 207 T
8¢ =8 —gh~ 100 %MD (3)
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where /Ry Ry is the Gaussian mean Earth radius of cur-
vature; g7’ is the calculation formula of WGS84 ellipsoid
local normal gravity acceleration (Shin 2005); 8rp is per-
turbation of the error position vector §r, in the down
direction of NED frame.

Considering the biases, scale factors, and non-orthogo-
nalities of the accelerometers and gyroscopes, the uncer-
tainty of the sensors (Shin 2005) can be expressed as

8fY = by + diag (f)sa + Tava

) o )

Swy, = by + diag(w;)sg + Ty
where b, and b, are the residual biases of the accelerom-
eters and gyroscopes, respectively; s, and sg are the scale
factors of the accelerometers and gyroscopes, respec-
tively; y, and y; are the non-orthogonalities of the accel-
erometer triad and gyroscope triad, respectively; diag(a)
represents the diagonal matrix form of a 3-dimensional
vector a; and I'y and Iy can be found in (Shin 2005). The
random constant, the random walk, and the first-order
Gauss-Markov models are typically used in modeling the
inertial sensor errors (Shin 2005).

Finally, we summarize the commonly used frames in
the inertial navigation and provide the detailed navi-
gation equations in both the NED frame and the ECEF
frame. The position error state in radian is usually very
small, which can cause numerical instability in Kalman
filtering calculation. Therefore, it is better to represent
the position error vector in the XYZ coordinate system.
The position vector differential equation in the NED
frame can be calculated as

Mmoo N n n
ren_ COenxren_’_ven (5)

The differential equation of the velocity vector in the
NED frame is given by

= Chfin — [l + lh) X Vi, + gl )

where o, is the earth rotation vector expressed in the
navigation frame; flg is the specific force vector in navi-
gation frame; o}, = w}, — w? is the angular rate vec-
tor of the navigation frame relative to the ECEF frame
expressed in the navigation frame which is also called the
transport rate.

The attitude in the NED frame can be represented by
the direction cosine matrix C; and its differential equa-

tion is given by
CJ = Cl(ahx) — (@ x)C) 7)

When the attitude, velocity, and position in NED frame
are represented as Cy, v/, and r},, their differential equa-
tions are also considered. They are given as
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G} = Cp @ x) = @}, )C}

n o n n nyeb n

Vin = = @i X Viy + Chf;'b + Gin (8)

n n n n

Tiy = =Wy X Ty +Vin
When the attitude, velocity, and position in ECEF frame
are represented as Cl‘j, vzb, and rsb, their differential equa-
tions are given as

G} = Ch(wpyx) = (@) C}

75, = =205, x v5, + Cifip + 85 ©)

e __ e

Teh = Veb

When the attitude, velocity, and position in ECEF frame

are represented as C}, v§;, and r{;, their differential equa-

tions are given as
- b
Cp = Cp(w;,x) — (0;,x)C},

e e e erb e
Vip = — i X Vi, + Cifyy + Gy,

e e e e
Fip = —Wjp X Ty + vy,

(10)

Lie group and Lie algebra

Let G denote the Lie group, g the associated Lie algebra,
M the smooth manifold, and X(M) the linear infinite
dimensional vector space of all the vector fields over the
smooth manifold M. A group action ¥ of Lie group G on
a smooth manifold M is a smooth mapping which can
be either left or right. The left Lie group action is chosen
here as it will be used in the subsequent left equivariant
systems. Although the right group action can be obtained
by some simple manipulations and is wildly used in the
filtering based visual inertial navigation system, it has
no consistency with the left equivariant systems for the
absolute positioning measurement case. A left group
action verifies:

v:GxM-—>M

with ¥ (A, ¥ (B,x)) = Y (AB,x),YA,Be€ G and ¥ (I,v) =
v,wWreV.

For the left group action, the inverse ¥4-1,VA € G
is smooth, which induces families of diffeomor-
phisms ¥4 : M — M for A € G by ya(x) := ¥ (4,x),
and nonlinear projection Y, : G — M for x € M by
Yr(A) := ¥ (A,x). {Ya4]A € G} is called Lie group of
transformations.

When M =G, VgeG, the smooth mapping
Ly:h— gh,Vh e G is called the left translation gen-
erated by Lie group element g. It is worth noting that
Lg : G — G is a diffeomorphism and Ly, = LgLj. Given
Vg€ G and A €g, the left group action L, induces
dLg A = gA. The left group action ¥ is linear if it induces
linear smooth mapping 4.

(11)



Luo et al. Satellite Navigation (2021) 2:30

Lemma 1 Define a smooth mapping d.L: G x X(G)
— X(G), givenVZ € Gand F € X(G),

d L(Z,F) :=dLz -F oLy € X(G) (12)

Then d.L is a linear left group action on the vector space
X(G).

Proof
Note that for A € G, La is a diffeomorphism with smooth
inverse L,-1.YA,B € G, F € X(G), we have

dyL(A,dL(B,F)) =dLa - (dLp - F°Lp-1)°L 41

= dLap - F°Lup1 = d.L(AB, F) (13)

Since Ly is a left translation on G. The identity property
of the group action is straightforward and this demon-
strates d, L is a group action. Linearity follows since

dyL(A, 01 F1 + axF)
=dLs- (A,a1F1 +asF) oLy

=oa1dla -FioLy1 +asddLlg - Fo oL (14)
= a1d,L(A, F1) + axd, L(A, F)
forallA € G, F,Fy € X(G)and a1, a9 € R. O

An algebraic object is introduced which is closely
related to the kinematic system function F and is impor-
tant in understanding invariant system structures.

Definition 1 Let 7 : V — X(G) be a kinematic system
on a Lie group G over a input vector space V. The lift is
the function A : G x V — g defined by

AX,v) = F,X)X 1 = dARy-1F,(X),VX e G,veV

(15)

The connection between the input vector space V and

the Lie algebra g can be obtained by the algebraic struc-
ture provided by the lift.

Left equivariant systems

A left equivariant system is the one in which the left
translation of the system function is the same as evaluat-
ing the function at the translated base point along with a
possible group action transformation of the input space
V (Mahony et al. 2020a).

Definition 2 (Left Equivariant System) A kinematic
system F : V — X(G) is said to be left equivariant if
there exists a left group actiony : G x V' — V such that

ALaFy(X) = Fy,nLaX)), VA, X € G,ve V'  (16)
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By Definition 2 we assume that the kinematic system
F 1V — X(G)is left equivariant, which means that

FyanyX) = Fy i La(A71X))
=dLaF,(A71X)

=dLg-FyoLs1(X)
= diLaFV(X)

(17)

where the second line follows from the definition in Eq.
(16). It is worth noting that the left input group action is
uniquely determined by the left group action d,L on the
vector field. Look at the equivariant kinematic system in
Eq. (17) from another point of view, the vector subspace
imF C X(G)is invariant under the left group action d, L.

The equivariance can be expressed by an algebraic
property of the lift A defined in Definition 1, which is for-
mulated in the following lemma:

Lemma 2 Let F : V — X(G) be a left equivariant kin-
ematic system on a Lie group G over a input vector space
Vwith lift A. The lift A satisfies

Ady 1 AAX, Ya(v) = AX,v),VA,X e GveV
(18)

Proof
Given A, X € Gandv €V,

Ad g AAX, Ya(v) = Ady1 Fyy ) (A (AX) ™)
= dRpdL -1 Fy, ) (AX)dLy1dL 4
=dLy 1 Fy,wyLaX)dly
=dLy1dLaF,dLy
=FX = AMX,v)

Full second order kinematic systems

for inertial-integrated navigation

For a state evolving over time, differential equation is
commonly used to describe it. Therefore, this section
gives the full second order kinematic systems for inertial-
integrated navigation in different frames.

Full second order kinematic system in navigation frame

The velocity vector v}, position vector r,, and attitude

matrix C;/ can be embedded as the element of the SE,(3)
matrix Lie group, that is

n non
Ch Ven Ten

0i1x3 1 0
O1x3 0 1

X = € SE>(3) (20)
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The inverse of the element can be written as follows

-1 CrlzJ - Csvgn - Cgrgn
X1= {01 1 0
O1x3 0 1
Cr]? - Vgn - rfn (21)
= |01x3 1 0 e SE>(3)
Oi1x3 O 1

Therefore, the differential equation of the A’ can be cal-
culated as
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Full second order kinematic system with transformed INS
mechanization in navigation frame

The velocity vector v}, position vector r};, and attitude
matrix C;' can be treated as the element of the SE,(3)
matrix Lie group. When the state defined on the matrix

Lie group is given as

d CZ Ven Ten CZI Ven Ton
d—tX ZfMt(X) = dt 01><3 1 0 = leg O 0
O1x3 0 1 O01x3 0 0O
Ch (@) = @) CY Cfy = [l + ) x vy +8 = @by X 10, + Ve, (22
= 01x3 0
O1x3 0 0
£ XWi1 + WX
where u; is an input sequence; f,, is a time-varying vector cp vk
field on matrix Lie group SE,(3); W1 and W> are X = |01x3 in 6” (25)
- Oi1x3 0 1
@f, X f 031
Wi=|0i1x3 O 0 |, where C; is the direction cosine matrix from the body
[O1x3 0 0 (23) frame to the navigation frame; v, is the velocity of body
_—a);’nx g — ol x Vi v+ ol x 1l relative to the ECI frame expressed in the navigation
Ws = | O1x3 frame. Meanwhile, v}, = v} + ol xry, and r} =71,
| O1x3 0 0 The velocity transformation v/, = v/, + !, x rl}, means

It is easy to verify that the dynamical equation f, (X))
is group-affine and the group-affine system owns the
log-linear property of the corresponding error propaga-
tion (Barrau 2017):

the inertial navigation system mechanization is based on
the new transformed velocity. In fact, there is very lit-
tle difference between the mechanization on the ECEF
frame and the ECI frame for positioning on earth’s sur-
face as it just changes the origin of the velocity vector and

Ju (X)X + Xaf, (XB) — Xafu, Ug) XB

= (Xg W1 + WaXg) X + Xa(XpW1 + WaXp) — X4 (W1 + Wa)Xp

= Xp XpW1 + WaXaXp 2 f,, (XaXp)

(24)

The group-affine system means that the error kinemat-
ics are explicitly independent of the state if the biases of
the gyroscope and the accelerometer are ignored (Barrau
2017; Mahony and Trumpf 2020).

position vector from the ECEF frame to the ECI frame.
Combined with the “plumb-bob gravity” equation

in navigation frame, ie, g =G/ — (wlix)%r, the

dynamic equation for the state X can be deduced as

follows
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d
%X = fu, (X)
d 1S VinTin Cpovh i
=7 Oix31 0 | =]01x30 O
O1x3 0 1 01x30 O
[ Ch@x) = @], x)C} ~wf, x Vi, + Cifp + G,
=| O1xs3 0
_01><3 0
Cy Vi | [ @hx £ 03 —wp, X Gy,
= 01><3 1 0 leg 00 + 01><3 0
_01><3 0 1 01x3 0 O Oix3 O
= AW+ WX

— g, X 1y + Vi, (26)
0

Vie | | Cb Vin Tin

0 O1x31 O

0 ||01x30 1

It is easy to verify that the dynamical equation f, (X))
is group-affine and the group-affine system owns the
log-linear property of the corresponding error propaga-
tion (Barrau , Bonnabel 2017; Luo et al. 2021).

Full second order kinematic system in earth frame
When the system state is defined as

Ch Veb Te
01><3 10
O1x3 0 1

X = € SE»(3) (27)

where C} is the direction cosine matrix from the body
frame to the ECEF frame; v¢, is the velocity of body frame
relative to the ECEF frame expressed in the ECEF frame;
r¢, is the position of body frame relative to the ECEF
frame expressed in the ECEF frame.

Then the dynamic equation of the state X can be
deduced as follows

It is easy to verify that the dynamical equation has the
group-affine property.

Full second order kinematic system with transformed INS
mechanization in earth frame
When the system state is defined as

Co Vi T
X=|01x3 1 0] eSEx3) (29)
Oi1x3 0 1

where C} is the direction cosine matrix from the body
frame to the ECEF frame; v§, is the velocity of body
frame relative to the ECI frame expressed in the ECEF
frame; rfb is the position of body frame relative to the
ECI frame expressed in the ECEF frame. Meanwhile,
Vip = Ve T e X 1gpand ry, =g,

Firstly, the inverse of the state which is also on the
matrix Lie group SE,(3) is given as

d
—X = X
dt fut( )
d Co Vep Tep sz Veb Tep
=7 0i1x31 0 | =]01x30 O
Ploiks 0 1 01x30 0
[ Ch@,x) — (@f,)C (=205, x)v%, + Cifp +85, V5,
= O1x3 0 0
| O1x3 0 0 (28)
[Cp v, 1 | [ olx £ 05
=|01x31 O 01x3 0 O
_01><3 0 1 O1x3 0 O
—We X g — Wi X Vg, Ve, T X1g || G g, g, |
+ | O1x3 Oi1x31 0 | =XW7 4+ WX
Oi1x3 O 0 01x30 1
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Ceb b _ b

. ~Vip ib
X7 =|0ix3 1 0 | €SEx(3) (30)
Oixs O 1

Then, combined with the “plumb-bob gravity” equa-
tion in earth frame: g7 = G;, — (wfex)2r§b, the dynamic
equation of the state X' can be deduced as follows
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v(Lv) =Y1(v) = (Wi, AdWa) = (Wi, Wa) = v
(36)
where [ is the identity element of Lie group G. The above
two equations show the left group action properties of .
To verify that the lift A is equivariant by Eq. (18),
compute

d d |l S Vb T Ch Vb iy
$X=fut(X)=E 01x3 1 0] ={01x3 0 O
O1x3 0 1 01x3 0 0O
'cz<wf;x3) ~ @f0C) (e +Cif+ Gl (efo0rh 4,
= 1x3 31
I 01x3 0 0 BD
[ Cp v, | [whx £5 03 —wipx Gy vi | | Cp vy 1,
=1|01x3 1 0] [O1x3 0 O [+ | Oi1x3 O O [0O1x3 1 O
_01><3 0 1 0i1x3 0 O Oi1x3 0 O O1x3 0 1
= AW + WL X

It is easy to verify that the dynamical Eq. (31) satisfies the
group-affine property.

Equivariant filtering for second order kinematic
systems on TSE,(3)

Taking all the differential equations in different frames
into consideration, the second order kinematic systems
on TSE;(3) can be formulated as

fl/(X) = fWI,Wz(X) = XWI + WZX (32)

Note that this equation is coordinate-free and enables
us to derive different filters by choosing different local
coordinates.

Define the function A : M x V — gas

AX,v) = AX, (W1, W) := XWiX 1+ Wy (33)

It is easy to verify that A is a lift according to Eq. (15).

Define the group action of the Lie group G on the input
vector space V as ¥ : G x V — V, the explicit expres-
sion is given as

Ya) = ¥ (4,v) =y (A, (Wi, Wa)) := (W1, Ada Wh)
(34)
Given A, B € G, then we have:

VB(Ya(v)) = Ya(Ya(v) = ¥ (B, Ya(v))
= ¥ (B, (W1,AdaW2))
= (W1, AdgAda W) = (W1, Adpa Wh)
=Y (BA, (W1 + Wa))

= Yga(v)
(35)

and

Ad 1 AAX, Ya(v) = Adg1 A(AX, (W1, Adg W)
= Ady (AXWI (AX)"! + Ady W2>
=XWiX 14+ Wy =AW,
37)
In general, the group G and M are the matrix Lie group
SE,(3) in the inertial-integrated navigation system. More
specifically, the state can be translated by the left group

action among four states. For the full states mentioned in
Egs. (20), (25), (27), and (29), A can be defined as

Cp 03x1 O3x1 I3z & x 1l 031
A1 =|01x3 1 0 |,Ay= [O1xs3 1 0 |,

O1x3 O 1 01x3 0 1
I3xs of, x 18 03x1

Az = |01x3 1 0
01x3 0 1

(38)
where A is the transformation from Eq. (20)—(27); A is
the transformation from Eq. (20)—(25); A3 is the transfor-
mation from Eq. (27)—(29).

Equivariant Filtering Design

for the Inertial-Integrated Navigation

As the second order kinematics are shown to be equiv-
ariant, the equivariant filtering can be designed for the
inertial-integrated navigation systems and four types of
kinematics can be used to design the equivariant filter-
ing algorithms accordingly. To save space, only one of
them is given here, and the rest can be derived similarly.
Moreover, the error on the Lie group can be selected
from X~1X, X~1X, XX~1, and XX 1, where the first two
are left invariant and the last two are right invariant. In
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the end, we only choose the right invariant error XX !
with the second order kinematics with transformed INS
mechanization in the earth frame. More algorithms can
be obtained by combining a kinematic system with an
invariant error (Luo et al. 2021).

The right invariant error ¥ is defined as

[ Fe ~e ze b b b
G Vi Tip C

_ —vi -y,
RE2XX =03 1 0 O1x3 17 0
| Oix3 0 1 Oi1x3 O 1
[ Cect ve, — Covh, 76 — Cort
= 01><3 0
| O1x3 0 1
(39)

Similarity, the new error state defined on the matrix Lie
group SE,(3) can be expressed as

~ /
expg(¢°x)ECECE = CE ~ I3z — ¢°x
el ~e ~e. b
Jpy=vi — Cyvay
_ e e
= 75, — v, + v, — CLChvs,

= 8V, + (I3x3 — expg (¢°x))vj,
= 8vj, + ¢° x v,
JpeaFs, — Corly =75, — 1l + 1, — CoClr
= 8rj, 4+ (I3x3 — expg (9 x))rf,

= drjy +° x 1
where ¢’ is the estimated earth frame.

Meanwhile, the right invariant error satisfies that

expg (¢x) Jpy Jpof (¢°x) pg pf

=] 0ix3 1 0|=expg||0ixs 0 O
0O1x3 0 1 Oi1x3 0 O
¢€
=expg [ [ pg = expg (T1(0%))
Pr

(41)
where ¢€ is the attitude error state; Jp{ is the new defi-
nition of velocity error state; J pf is the new definition of
position error state; IT is a linear isomorphism between
the Lie algebra and the associated vector; ¢°x denotes
the skew-symmetric matrix generated from a 3D vector
#° € R3; exp; denotes the matrix exponential mapping;
J is the left Jacobian matrix of the 3D orthogonal rotation
matrices group SO(3) and is given as

ad 1—cos®

1
] =Ti(@) = Z( @0 = s+ 6

6 — sm9
+ 02,0 =9l
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p¢ = [¢¢T peT pt ] is a 9-dimensional state error vec-
tor deﬁned on the Euclidean space corresponding to the
error state 7% which is defined on the matrix Lie group. J
can be approximated as J & I3x3 if||¢|| is small enough.

expg (¢ x) is the Rodriguez formula of the rotation vec-
tor and can be calculated by

C, = expg(¢x)

— cos |||
llplI>

sin |[¢]]
oIl

1 T
cos ||p|I3x3 + oo + (@)

(43)
Remark 1

Note that the direction cosine matrix Cj represents
the rotation from b frame to e frame where e frame
is fixed. Therefore, the rotation C , can be approxi-
mated as C ~ I3x3 +¢ X but Ce in Eq. (40) can be
zzpproxzmated as C ~ I3x3 — ¢p°x as we assume that
the e frame is fixed. When the error state is defined as
r;R = XX —1 the attitude error state will be defined as
Cgéeh ~ C:/ ~ I3x3 + (f)eX.

Remark 2

Although the exponential map is not obligatory in local
coordinate mapping, it is the mapping that are easier to
compute.

Although the different equation on matrix Lie group
SE,(3) are given, we are interested in the numerical inte-
gration in local coordinates. Therefore, we need to trans-
fer the differential equations of error state in matrix Lie
group to 3 differential equations in the 9-dimensional
local coordinate space. The differential equation of the
attitude error state is given as

%(Cgcf) = Cechy ect
= [Cs@lx0 — @ x)EE] ct
+ Cg[Chh ) - @l x)ct]
= Cp(@l,x)CL — (@, x)C5C?
+ CECl (@l %) — Ci(wh, x)CE
~ Cpeh,x)Cl — (@f, x)(I3xs — ¢°x)
+ (I3x3 — ¢° x) (@, x)
= Cp(sahyx)CECsCl
+ (0, x)(9° x) — (¢°x) (wf, x)
~ ((CEdwh) ) (Isxz — ¢°x) — ((§° x wf,)x)
~ (Cidof) x —(9° x wf)x
= (C(8b} + W) x —(¢° x wf,) x
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where the second order small quantity ((Cgéwl’.’b) x) (P x)
is neglected. Therefore, the Eq. (44) can be simplified as
P° = ¢° x f —Cb(Sbb eb

45
—of, x ¢° — Ciobh — (#5)

b
wag
The differential equation of the velocity error state is
given as

d d _
VP =0 — CiCviy)
=V — CZCeb"/fb - jt(égcf)vfb
=[x + Cofp + Gy
— GoCl[(—et v, + Cifp + Gy
~ (Gt Csct

—(@5,x)CECl + CoCh (o, x))vfb

=Ciofyy — (i) (g — CHCIv)
- <(CI§6“)Z¢) X) CiCoviy + Gy,
~ Ciofiy — @) p}
— (Cjdefy) x (7, =T py) + Gy — (T3 — $°X)G,
— Gfy x ¢ (@, )] pf + 7, x (Cpowly)
+Cidfy + Gfy — G
= — G, x ¢°—(@f, )] pf, + ¥, x (Cp(8bf +wp))
+ Co(8b5 + wh) + G5, — G,

- C;ClGy,

(46)
where the second order small quantity (J o x)(ézaa)f’b) is
neglected; and as Gj, can be approximated as constant,
Ge — Gj, can also be neglected

In the same way, the differential equation of the posi-
tion error state is given as
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where the second order small quantity (J p; x)(CZ(Swf’b) is
neglected.

Thus, the error state éx, the error state transition matrix
F,, and the noise driven matrix G, of the inertial-inte-
grated error state dynamic equation for equivariant filter-
ing with estimated earth frame attitude are represented as

¢e _éb 03><3
Jpy vlb xCg C
=/pi|,G
dx = sz » M — rl X Cb 03x3
g O3x3  O3x3
b, 03x3  O3x3
[—w8x  03x3  O3x3  — éb 03x3
-G x —wi,x  03x3 vlb X Cb Ch
F, = 03%3 I343 - wieex ry X C 03%3
03x3  03x3  O3x3 03x3  Os3x3
| 03x3  O3x3 03x3 03x3  O3x3
(48)
Remark 3

As the rotation of the earth is taken into consideration,
the error state transition function is slightly different from
the error state transition function derived in Hartley et al.
(2020). This is reasonable as the earth rotation rate is
usually overwhelmed by the noise of the low cost inertial
sensor in applications such as visual inertial navigation
system. And it is common to choose the ECEF frame as
the global frame in the visual-inertial odometry naviga-
tion and lidar-inertial odometry navigation. Therefore,
the above equivariant filter algorithm can be applied to
autonomous navigation based on either high-grade iner-
tial sensors or low-cost Inertial Measurement Unit (IMU).

The position measurement equation of the right invari-
ant error is formulated as follows:

d d
i(],of) = dt ( Cb zb) = CbC

= [(=a5, )7, + 75, ]

d -
» — 5 (CiCOr,

- ézfcf [(—wfex)rfb + )

— (Gpout ) CEELCE — (i) CECE + CiChiwh ) )1,

S ) (5, — G

~(=d, )] P+ T 6+ 7%, x (Cgdaly)
= (=, )] pf + ] pS + 75, x (CL(8bY + wh))

Clre) + (7, — CEChVE) — (Ciswh) x)CECEr,

~(=@5, )] 5 + ] + (Cpdwl) ) (5, — T of
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82] = (Fiyy + CoIP) — Fonss
= riyu + 0riyy + xs — ¢6X)C§lb — rénss — Mr,GNSS
= 8rfyu + (CE1P) x ¢° — nrGnss
=875, + (CEIY) X ¢° — nyGnss
=Jpf — ¢° x 18, + (CIP) x ¢° — npGss
= (r%, + Cg1) x ¢° +J pf — ny,Gss
(49)
where /% is the lever arm; Ténss is the measurement pro-
vided by GNSS; 1, Gnss is the noise of measurement and
is modeled as zero mean Gaussian white noise.
Therefore, the right measurement Jacobian of position
measurement is given as

H = = [(7, + Cf1®)x Osx3 I3x3 Osx3 O3x3) (50)

The feedback correction corresponding to the error state
definition in Eq. (40) can be termed as the inverse pro-
cess. The feedback of attitude, velocity, and position can
be easily obtained

_
C, = expg(9°x)" Cj,

Vip = Vi —Jpy — Vi X ¢°
e __ ~e e
iy =Ty —Jpr — T X @

(51)

Now, we consider the left invariant error whose deriva-
tion is similar to that of right invariant error. The left
invariant error n* is defined as
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Then the error defined on the Lie group can be converted
to that on the Lie algebra and the Euclidean space. The
new error states of attitude, velocity, and position can be
defined as

expg (9" x) £CLCE = Cff ~ I3z — ¢P x

b . ~ b~
JpbEChvs, — v, = Chvg, — CLi,
=CL (G, — ¥5) = —CLov5, (53)
b b~
]:0 ACe tb_rzh_ce ib Cerieh
:Ce (riy — Tip) = —Cf(Srfb

where q’)h is the attitude error state, J ,of,’ is the new defini-
tion of velocity error state, / ,of’ is the new definition of
position error state; J is the left Jacobian matrix given in
Eq. (42). The errors can be termed as the common frame
representation in the body frame (Andrle , Crassidis
2015). The left-invariant error also satisfies that

L |exps @) Toy Tt (@)% pb ot
n = 01><3 1 0 =expG leg 0 0
O1x3 0 1 Oi1x3 0 O
¢b
— expg (11|t
o?
(54)

The differential equation of the attitude error state is
given as

d - L ~7 .
%(cjcg) =Cbcg + Cbc

= [l x) - @)L + EE[Cwhy 0 - @i

=Ch(wt,x)CE —

@5, x)CCE + ChCh(why ) —

Cl(wf,x)CE

A — (@4 ) (I3x3 — ¢PX) + zx3 — 9P x) (@4, — 8wh)x)
=(@5,x) (@ x) — (k) x —(¢?x)(@F x) + ¢° x (8wh)x
~ — (@7 x b)) x —8whx = —(¢? x @f) x —(8b% + wh)x

where the angular velocity error of the earth’s rotation

[ —3b 7 ce v 1o
N T L ib 0 ib Oh ib " ib can be neglected, i.e., @}, = wf,; and second order small
n= = 01><3 o . 01X3 0 1 quantity (¢bx)(8w X) 1s also neglected Therefore, the
1x3 133 Eq. (55) can be 51mp11ﬁed as
[Cocy Chvs, —#, Clrt, — 7, .
=[ 0 1 0 " = ¢ x @}, + dwf, = —af), x ¢ + S0, (56)
| O1x3 O 1

=~ x ¢° + 8b] + w?

The differential equation of the velocity error state is
given as
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d 2 b, . 2
%(],05) = —Cfévfb + Ceb(Vfb — Vi)

= —[Ch@g ) - @ x)Ct|av,

+ Cl([(—tovs, + Cifip + Gy | — [(—at0wt, + Cifp + Gy )

= —CL(wf, )85, + (@4, x)CLov, + CECifip — fiy — Closf, x VG, — ¥5,) + CL(G, —
— (@5, x)] Pl + Usxs — ¢* ) (fiy — 8f5) — fib + CL(GE, —
= — (@4 x)Ipb — b x fL + P x 8fL + CL(GE, -
—(@}, ) pl +fi x " + CL(GY, — Gfy) —
—(@5, )Pl +f x ¢" + CL(GE, — GE,) — obh — wh

ib v ib e ib ib a a

%

%

G5
G5)

G5, — of

5

where the second order small quantity ¢’ x Sfii is
neglected; and as Gj, can be approximately treated as
constant, Cf (G}, — Gj,) can also be neglected.

In the same way, the differential equation of the posi-
tion error state is given as

d P2 ~b,- B
E(fpf) =~ CJorg, + Ci5, —75)
= [Clix) - @) Ctars,
+ L ([(—of 0y + 5] = [(=af )75, +75,])
= — Gl )85, + (@, ) CJbr,
= Clof, x (rfy = 75) + CL(vG, — 7))
=—a xJpl +Jpk
(58)
It is worth noting that there is no approximation in the
above derivation.

Thus, the inertial-integrated error state dynamic equa-
tion for the SE,(3) based EKF can be obtained

8x = Fiéx + Gyw (59)

where Fj is the error state transition matrix; dx is the
error state including the biases; and G; is the noise driven
matrix. Their definitions are given as

¢bb —fbﬁ,x 03x3  O3x3  I3x3 O3x3
]P]l,) fi]ZX —@fbx 03x3  03x3 —I3x3
Sx=\Ip | Ei=| O3x3 Isxz3 —@lx O3x3 O3x3 |-
Bbﬁ 0O3x3  O3x3 03x3  03x3 O3x3
|8b° 03x3  03x3  O3x3 O3x3 Os3x3
[I3x3 03x3 03x3 03x3 wf,
03x3 —I3x3 03x3 O3x3 wh
G; = |03x3 O3x3 O3x3 O3x3|,w= Wf
03x3 O3x3 I3x3 O3x3 Zz
103x3 O3x3 O3x3 I3x3 Yb,

(60)

Considering the lever arm, the position measurement
equation is written as
8z = (o + CEIP) — Fénss
= rvu + 8riu + ChUsxs + "0
— TGNss — Mr,GNSS

= 8rfyy — CLUPx)$? — nr s

= 815, — CEUPx) " — ny s
~CgJp! — CE(IPx)¢” — nyGnss

—~CgJpl — CEPx)? — ny s

%

where [? is the lever arm.
Therefore, the left measurement Jacobian for position
measurement is given as

H; = [—C¢(I°x) 03x3 —Cf Osx3 O3x3] (62)

It is shown that the attitude matrix CZ can be
canceled in the measurement update step for both
the error state and its associated covariance (Luo
et al. 2021). Therefore, the measurement matrix is
H; = [—(1"x) O3x3 —I3x3 03x3 O3x3), which is inde-
pendent of the system’s trajectory.

Similar to the feedback correction for the case that the
error is right invariant, the feedback of attitude, velocity,
and position when the error is left invariant can be easily
obtained according to Eq. (53):

C, = 6; expG(d)bx)
ve,= Ceh, +pb) = ¥4, + Ciipl
re,= Ci(h, +Jpp) = 74, + Cil p?
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Fig. 2 The mean errors of the three angles in simulation experiment with large misalignment angle
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Table 1 Specification of the IMU used in the static simulation
experiment

Index Accelerometer Gyroscope
Standard Deviation of Bias 100 g 0.01%h
Random Walk 100 pg/v/Hz 0.001°/+/h
Table 2 Specification of the IMU used in the first field
experiment

Index Accelerometer Gyroscope
Standard Deviation of Bias 0.1 mg 0.02°h
Random Walk 0.1 mg/+/Hz 005%vh
Remark 4

If the left invariant error is defined as gt = X7'X,
the attitude error state will be defined as
Cf(?g ~ Cll;, ~ I3y3 4 ¢P x and the dynamic equations of
error states are similar.

Remark 5

Comparing the transition matrix and measurement
matrix of the left invariant error model with that of right
invariant error model, they are independent of the sys-
tem’s trajectory and this property overcomes the consist-
ence issue. The advantage will be demonstrated in the
integrated navigation which has fast convergence speed
even with large misalignment angles. Moreover, the tran-
sition matrix of right invariant error model only depends
on the system’s trajectory through the bias and the meas-
urement matrix is also dependent with the position of the
system. Therefore, the filter constructed from left invariant
error model performs better than the filter constructed
from the right invariant error model.

Remark 6

When it comes to the dynamics in the navigation frame,
the similar procedures can be performed to obtain the
equivariant filtering algorithm with both left invariant
error and right invariant error. For detailed derivation
readers refer to the literature (Luo et al. 2021).

Experiments

The performances of the left invariant error model and
right invariant error model are evaluated in this section
using a simulation experiment and two filed experiments
with Global Navigation Satellite System (GNSS)/Inertial
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Navigation System (INS) loosely integrated system. The
Kalman filter corresponding to the left invariant error is
denoted as LEnEKF, the Kalman filter corresponding to
the right invariant error is denoted as REnEKF, and the
traditional Kalman filter corresponding to the traditional
error in ECEF frame is denoted as EKF. There is no spe-
cial initial alignment process during the simulation experi-
ment and field experiment. Therefore, the experiments
with large misalignment angle are performed to show the
superiority of the proposed algorithm. It is also worth not-
ing that the GNSS provides global positioning result which
is consistent with the LEnEKF. Therefore, LEnEKF is sup-
posed to perform better than other algorithms.

Simulation experiment

The simulation experiment is under a static condition
with the duration is 300 s. The sampling rate for IMU is
200 Hz and for GNSS observation is 10 Hz. The specifi-
cation of the IMU is given is Table 1. The initial attitude
is generated randomly. The horizontal misalignments are
assumed to satisfy the zero mean Gaussian distribution
N (0, (5°)2), and the yaw angle is assumed to satisfy the
zero mean Gaussian distribution A\ (0, (60°)2). The initial
attitude error variance is set as [(5")2 (5°)2 (600)2] . The
initial parameters for the three filters are the same.

The attitude results of 100 Monte Carlo simulations
with the three filters are shown in Fig. 1. In the LEnEKF,
the roll and pitch converged within 20s and the head-
ing within 130s in all the 200 Monte Carlo experiments.
Meanwhile, the roll and pitch converged in most of
the 200 Monte Carlo experiments for REnEKF, but the
heading failed to converge in most cases. However, in
traditional EKF, the roll, pitch, and heading converged
in few cases. The mean errors for the three angles with
large misalignment angles are given is shown in Fig. 2.
As we can see, the roll angle and the pith angle can con-
verge in short time for the LEnEKF and the REnEKF.
Furthermore, the LEnEKF performs better than the
REnEKF in terms of the yaw angle. We see that the yaw
angle can converge to the true value for LEnEKF but
the other two filters fail. The REnEKF fails to converge
due to the 7 x C'; term in the F matrix. This term is
correlated with the bias of the gyroscope, which is dif-
ficult to estimate. Consequently, the REnEKF may fail
if the bias is not well estimated. Meanwhile, the meas-
urement matrix of REnEKF is correlated with the posi-
tion but the measurement matrix of LEnEKF can be
adjusted to be independent of system states.

Filed Experiment

The vehicle-mounted loosely coupled integration is car-
ried out for the evaluation of the three filters: LEnEKF,
REnEKF, and, EKFE. The specification of the IMU is
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Table 3 Specification of the

IMU used in the second field

experiment

Index Accelerometer Gyroscope
Standard deviation of bias 30 mGal 0.3°h
Random walk 03 m/s/~/h 0.03°/v/h

given is Table. 2. The initial attitude error is set as
[6° 6° 60°] T and correspondingly, its initial variance is
set as [(6")2 (6°)2 (600)2] T The sampling rate of IMU is
200Hz. The sampling rate of GNSS observations is 1Hz.
The duration of the IMU data is 430s. The correction
time is 4/ for both gyroscope and accelerometer.

Since most integrated navigation approaches based
extended Kalman filtering have similar performance
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after the filters converge (Shin 2005), we aim at compar-
ing the alignment performance when the attitude is with
large heading error. The attitude errors of the three filters

are shown in Fig. 3. It is obvious that only the LEnEKF
can converge within 5s in all three angles. Meanwhile,
the yaw angle of LEnEKF converges faster than that of
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REnEKF. This is also benefit from its state-independent
transition matrix and measurement Jacobian matrix
when confronting with large misalignment angle. The fast
convergence in the three angles shows the superior per-
formance of the proposed algorithm in the case of large
misalignment angles.

To evaluate the performance of the three filters, 30
second GPS outages were intentionally introduced twice
in the field test data and the position errors in horizon-
tal direction of the algorithms are shown in Fig. 4. The
position errors of the traditional EKF reached over 70
m in north direction and 150 m in east direction dur-
ing the first outage. However, the position errors of the
traditional EKF during the second outage reached over
250 m in north direction and 300 m in east direction as
the navigation parameters have not been well estimated
before the GPS signal outage. The LEnEKF and REnEKF
approaches have similar performance during the 30 sec-
ond GPS outages. However, in contract with LEnEKEF, the
REnEKF didnt converge in the north direction. Conse-
quently, the LEnEKF performs better than the other two
filters during the 30s GPS outages.

In order to further demonstrate the effectiveness of
the proposed algorithm, dynamic data collected from
an intermediate-grade fiber optic IMU is used for evalu-
ation. The specification of the IMU is given in Table. 3.

The biases of gyroscope and accelerometer are 0.03°/+/h
and 0.3m/s/~/h, respectively. The gyroscope-bias stand-
ard deviation is 0.3°/h and the accelerometer-bias stand-
ard deviation is 30 mGal. The correction time is 4 h for
both gyroscope and accelerometer. The duration of the
data is 600 s. The sampling rate of IMU is 200 Hz. The
initial attitude error and the associated covariance are set
as same as before, and two 60 s outages are introduced.

As the REnEKEF fails in this experiment with large mis-
alignment angle, only LEnEKF and EKF are compared.
The position error, velocity error, and attitude error are
shown in Figs. 5, 6, and 7, respectively. The faster con-
vergence of heading for LEnEKF than that of EKF shows
the advantage of the proposed LEnEKF which is due to
the common frame error representation. As for the out-
age, the LEnEKF has small velocity error in both two out-
ages and small position error in the second outage. For
LEnEKEF in the first outage, the east position error reaches
2.5 m and the north position error reaches 1 m, leading
to the horizontal position error +/2.52 + 12 ~ 2.6926m.
However, for the EKF in the first outage, the horizontal
position error is +/1.5% + 52 & 5.2202m. Considering that
the down position errors are equal for LEnEKF and EKF,
one can infer that the performance of LEnEKF is better
than EKF in terms of horizontal position error.
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Conclusion

In this paper, the left equivariant property of the inertial-
integrated kinematics system is exploited for the design
of equivariant filtering framework. It is termed as a spe-
cialization of the equivariant filtering for the second
order kinematic systems on TSE3(3). The results can be
combined with the absolute position measurement for an
inertial-integrated navigation system such as the GNSS/
INS loosely coupled navigation and combined with the
relative pose measurement for inertial-integrated navi-
gation such as visual-inertial navigation odometry. The
simulation and filed test experiments of GNSS/INS inte-
grated navigation are performed to show the effective-
ness and advantage of the left invariant error based EKF.
Future works include observability analysis and more
filed experiments with different grades of inertial sensor
for practical autonomous navigation applications. More-
over, the right invariant error based EKF is also worth
exploring when a relative measurement sensor such as
odometer is used.
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